Quantum Communication Through a Spin-Ring with Twisted Boundary Conditions 
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We investigate quantum communication between the sites of a spin-ring with twisted boundary 
conditions. Such boundary conditions can be achieved by a magnetic flux through the ring. We find 
that a non-zero twist can improve communication through finite odd numbered rings and enable 
high fidelity multi-party quantum communication through spin rings (working near perfectly for 
rings of 5 and 7 spins). We show that in certain cases, the twist results in the complete blockage of 
quantum information flow to a certain site of the ring. This effect can be exploited to interface and 
entangle a flux qubit and a spin qubit without embedding the latter in a magnetic field. 



Recently, quantum communication through unmodu- 
lated spin chains has developed into a topic of much 

interest 0,EHES00|RHE3 Here the word 
"spin chains" means chains of qubits whose interactions 
are always on. The communication is achieved by sim- 
ply placing a quantum state at one end of the chain and 
waiting for an optimized time to let this state propagate 
to the other end with a high fidelity. In such a scheme, 
the chain acts as a non-photonic quantum channel for 
short distance communications between, say, two quan- 
tum computers. It helps to avoid interfacing solid state, 
trapped atomic and other quantum computation hard- 
ware with optics because quantum channels can now be 
made by the same hardware. This is highly desirable for 
short distance quantum communications j 1 1 1 ] , as interfac- 
ing back and forth between electron/ atoms and photons 
may be complex, time consuming and not worth when 
the distance is really short. A positive feature of such 
schemes is the non-necessity of switching interactions on 
and off between individual pairs of spins of the chain in 
a time synchronized manner. This helps to prevent the 
accumulation of errors with increasing number of switch- 
ings. For a small number of spins connecting nearby 
parties, there are even more advantages. Then it suf- 
fices to keep only the finite number of sites in which the 
spins are located free from decoherence (isolated from 
the environment). This may be much easier than keep- 
ing the decoherence low for the entire length of a channel 
through which an information bearing electron or atom 
passes. The results for quantum communication using 
spin chains also apply to qubit chains where all interac- 
tions can be switched on and off simultaneously, but it is 
difficult to switch them on or off individually. In those 
cases, the results for spin chains typically help in inves- 
tigating the best quantum communication that can be 
achieved by switching the group of interactions on and 
off only once. 

So far QJl H S H El 0, H (with the exception of 
Refs.0,UK3), the emphasis has been to communicate a 
quantum state between two parties through a spin-chain 
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FIG. 1: Part (a) shows the scenario for multi-party quantum 
communication using a spin ring. Alice, Bob, Charlie, Di- 
ana and Evelyn are five parties which have access to distinct 
spins in the ring. Any pair of parties would like to commu- 
nicate with high fidelity. Part (b) shows a way in which the 
above can be achieved. If Alice wants Bob to be able to re- 
ceive a state sent by her with high fidelity, she puts a certain 
flux through the spin ring, as shown by concentric circles. 
By making another choice of flux, Alice can make Diana the 
candidate to receive a state with high fidelity. 



and achieve the highest possible fidelity over the high- 
est possible distance. However, it would be even more 
interesting if a single spin chain could be used as a bus 
to connect a larger number parties (i.e., a larger num- 
ber of quantum computers) such as Alice, Bob, Char- 
lie, Diana and Evelyn, as shown in Fig^a), and high 
fidelity quantum communication could be performed be- 
tween any pair of such parties when required. In this pa- 
per, we show that such a task can be accomplished near- 
perfectly for 5 and 7 parties using a closed spin-chain (a 
ring) with twisted boundary conditions. This boundary 
condition is achieved by a magnetic flux through the ring 
QUI, we illustrated this in FigJUb). Even though the 
separation between the communicating parties is small in 
this case, such a configuration is still very useful. Spins 
belonging to each party could be interacting with both 
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of its nearest neighbors, yet by tuning the flux appropri- 
ately, one can select any pair of parties along the ring to 
perform near perfect quantum communication, this is a 
new feature which was absent for open boundary condi- 
tions. To achieve the same otherwise, one would have to 
have 5 C2 or 7 C2 separately switchable interactions for the 
cases of 5 and 7 parties respectively. Here not only are 
there far fewer (namely 5 or 7) interactions, they are also 
allowed to be simultaneously on. We also point out the 
advantages gained for higher odd ./V rings by the appli- 
cation of a flux. For certain even N rings, we show that 
Alice can also use the twist as a switch to controllably 
block the flow of quantum information to a specially sit- 
uated Bob (this does not, however, hold for a generally 
situated Bob). We show how this interesting effect can 
be used to interface and entangle flux and spin qubits 
without directly embedding the latter in the magnetic 
field of the former. The coupling between the spin and 
the flux qubit is easily switched on and off by switching 
the interactions between the spins in the ring on and off. 

As a model for the ring, we shall use spin \ Heisenberg 
ferromagnet (i.e. XXX) chain. The Hamiltonian of the 
model can be written as: 

N N 

H xxx = -J^{Bi-ff i+1 )-B^cjl. (1) 

i=l i=l 

We can make a Jordan- Wigner transformation and rep- 
resent the model as spinless interacting fermions, see for 
example • This reformulation of the model naturally 
leads to twisted boundary conditions, see ^4|. This is 
the famous Aharonov-Bohm (A-B) effect, see |l5|. The 
A-B phase leads to the replacement of periodic boundary 
conditions by twisted boundary conditions [l3L ITij 

\*V+N)) = j*\*(j)). (2) 

Here j is a space coordinate. So we shall consider twisted 
boundary conditions. They can improve quantum com- 
munication. Below it will be convenient for us to change 
the notation $ = 2nf and use a scaled flux /. 

The general scheme for quantum communications is 
as follows. The ring is a ferromagnetic Heisenberg XXX 
spin chain with nearest neighbor interactions and is ini- 
tialized in its ground state as in Q] . Alice first chooses the 
party (among Bob, Charlie, Diana and Evelyn) to which 
she wants to communicate. For example, in Fig^b), she 
has chosen Bob. Then she applies an appropriate flux 
^c<I>bob/<Z through the ring. After this, she places the 
quantum state to be transmitted at her site. After wait- 
ing for a pre-calculated optimal time, Bob retrieves the 
state from the chain with a high fidelity. In Ref. Q , it has 
been shown that the fidelity of quantum communications 
through the channel under consideration is an increasing 
function of the absolute value of the transition amplitude 
of fr s of an excitation from the site r to s of an N spin 
chain. Moreover, it has also been shown that Alice could 



transmit entanglement of magnitude from the r-th 
to the s-th site of the chain by placing half of a maximally 
entangled state on the r-th site. In this paper, thus, we 
will primarily be interested in examining the optimiza- 
tion of \f^ s \ by application of a twist/flux hc^/q. 

The eigenstates of the ring with twisted boundary con- 
ditions are 

1 N 2 

H = -7^E e ^ (m+/)J lj>' ( 3 ) 

where / = $/27r is a fraction between and 1 which 
quantifies the twist, and m = 1,2,...N. The energies of 
the states \rh) are given by E m = — 4Jcos{^(m + /)} — 
J(N — 4) — B(N — 2). Correspondingly, the quantum 
transition amplitude from the s-th site to the r-th site at 
a time t is given by 

JV 

771—1 

= e^-^(r- S , Um ) (4) 

where, u m = exp(—iE m t) and T(r — s, u m ) — 
(W) Em=l «m exp{i(27r/A)(r - s)m} is the (r - s)-th 
element of the inverse discrete Fourier transform of the 
vector {u m }. With the help of identity 

00 

exp(zzcos6») = i n Jn(z)e-' m9 , (5) 

n— — 00 

Eq. (Jl| can further be written in the form 

00 

/£(*) = e-^™V £ J d ^ N {P)i~ kN ^ fk 

k— — oo 

00 

= e - l( 4./ +2S ) t e^-" k J d+kN (P) 

oc 

where j3 = AJt, d = r — s and d! = N — d. We will only 
study the quantity £ = \f^ s {t)\, as it is the entanglement 
which can be shared between two sites by transmitting 
half of an entangled state through the spin ring channel 
(the fidelity, which is an increasing function of £, has 
similar behavior). From Eq. J^Jl, one immediately obtains 
that for N — > 00, £ = | J, — S (P)\ and results will be exactly 
the same as that of an untwisted ring pj. However, the 
situation is different for N finite and Eq. © can be used 
to estimate the optimal twist and time for obtaining the 
maximal fidelity of communication between any two sites. 
We now proceed to numerically investigate the various 
consequences of Eq. (JJjJ for different N. 

We first examine very simple odd N rings. Without 
any twist Ref.Q), they have a significantly lower £ than 
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£ 


1 


-0.25 


1214.3 


0.9998 


-0.25 


4365.0 


0.9997 


2 


-0.25 


162.51 


0.9999 


0.25 


1942.6 


0.9994 


3 


0.25 


162.51 


0.9999 


0.25 


3500.4 


0.9996 


4 


0.25 


1214.3 


0.9998 


-0.25 


3500.4 


0.9996 


5 


n/a 


n/a 


n/a 


-0.25 


1942.6 


0.9994 


6 


n/a 


n/a 


n/a 


0.25 


4365.0 


0.9997 



TABLE I: Table showing the maximum entanglement £ dis- 
tributable between pairs of sites of N = 5 and N — 7 spin 
rings. The various variables are the distance d — r — s between 
the sending and the receiving sites, the twist parameter / and 
the scaled time f3 at which the given values of £ are attained. 

even N rings of similar length. This is because, for odd 
TV rings, there are always a pair of equidistant reception 
sites r\ and from any s-th site from which Alice intends 
to transmit her state. Therefore, the amplitude of the 
excitation and the distributable entanglement is equally 
divided among these sites. This is changed by a twist, 
which gives a net-momentum (proportional to twist pa- 
rameter /) to the spin-wave in one direction. This can 
also be seen from following evolution equation of state: 

1 N 

and related equation with the replacement j — > N — j 
and m — > A — m in Eq. Q . More specifically, the pair of 
states (state m = p and state m = N — p with p taking 
any value of 1, • • • , N— 1) will have the same transmission 
velocity but different direction for / = 0. However, this 
relation will be broken for non-zero /. Then nearly max- 
imal entanglement (£ ~ 1) can be be distributed between 
any pair of sites of small odd A rings such as A" = 5 and 
N = 7. These are tabulated in Table [I] From the table, 
it is clear that up to two decimal places, maximal entan- 
glement can be transmitted from any site to any other 
site of pentagonal and septagonal chains. 

As we proceed to higher values of odd N, the near 
perfect nature of the distributable entanglement within 
a short enough time (we limit our search to a range of 
(3 from to 5000) does not continue to hold. One may 
then ask how well one can distribute entanglement be- 
tween any pair of parties in a multi-party scenario with 
the parties being separated from each other by at least 
two spins (in other words, each spin segment that links 
two parties should at least be a N = 4 open spin chain 
with the parties at the end) . The minimal ring for which 
this is possible is N = 9. Any pair of three parties lo- 
cated at sites 1,4 and 7 can exchange an entanglement 
of £ ~ 0.9988 in a scaled time = 8481.4 by choosing 
an appropriate flux. For example, to exchange between 
1 and 4, we require / = —0.25 and between 1 and 7 we 
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FIG. 2: Entangled state generated by twisting boundary con- 
ditions. The concentric circles denote an appropriate non-zero 
flux and the up and down arrows denote spin states. 



require / = 0.25 (exchange between other combinations 
follow from rotational symmetry). Similarly for a ring of 
A = 15, we can have a high entanglement distribution 
(£ ~ 0.9333) in a scaled time of (3 = 11502 between sites 
1 and 6 by choosing / = 0.25 and between sites 1 and 11 
by choosing / = —0.25. 

Let us now prove a general result of spin rings with 
N = 47V (here and following, we always let TV to be inte- 
ger) . This will be the only effect of a flux which we can 
prove in general (as long as N = 47V) without choosing 
specific values of N. We examine quantum communica- 
tion between sites 1 and 27V" +1, then by choosing / = 0.5 
and Eq. © becoming 

oc 

/£(*) « ^{-l) h (j^kNW) - (-l) d J {N -d)+kN 03)), 

where d — r — s = 27V and N — d = d, it's easy to 
find that f 7 N s {t) = for this case. Thus Alice can put 
a flux through the ring (which can be done locally near 
her end of the ring) and control whether a Bob located 
at the diametrically opposite side receives any informa- 
tion. We will now present an application of this result in 
entangling and interfacing flux and spin qubits without 
directly embedding the spin in the flux. 

Consider the N = 4 ring presented in Fig[21 Consider 
it initially to be in the state 1 1000) , where |1) stands for 
spin up and |0) stands for spin down. We know that 
when we have / = 0, there is a scaled time /?i = tt at 
which the state |1000) evolves to |0010) Q. On the other 
hand, if / = 0.5, then 1 1000) never evolves to any state 
with a component of |0010) because of the result of our 
previous paragraph. In fact it evolves back to itself in a 
scaled time 02 = V^tt. Therefore, if we start with the 
following combined state of the flux and the spin-ring 

|O(0)> = 4|(l/ = 0) + |/ = 0.5)) ® |1000), (8) 

and let the state evolve for a scaled time 3 = 8.5/?i « 
6/32, w e Lave the resultant spin- flux maximally entangled 
state 

\Q(/3 3 )) = -^(l/ - 0) ® |0010) + |/ - Q.5)®|1000». (9) 
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This entangled state is depicted in Fig[21 What is the ad- 
vantage of such a scheme for entangling spin qubits with 
flux qubits as opposed to simply embedding a spin qubit 
in the magnetic field of a flux qubit and letting it interact 
with it for a specific time? In the case of direct embed- 
ding, one would either have to move the spin physically 
or switch off the magnetic field (of the flux) in which it is 
embedded, at a specific instant of time. The advantage 
in our case is that the coupling between the spins and 
the flux can be switched on and off merely by turning 
the interactions in the spin ring on and off. There is no 
need to switch off the flux or move the spins. Moreover, 
as the spins and the flux do not physically reside in the 
same location, separate measurements on them to ver- 
ify their entanglement would be easier. We should point 
out here that we do not intend to suggest an immediately 
realizable experiment here, but just point out an interest- 
ing effect which could stimulate experimental research in 
the direction of entangling spin and flux qubits through 
boundary conditions (or in other words, the A-B effect), 
rather than through interactions. Here we should point 
out that genuinely interesting use of the A-B effect in 
performing gates between quantum dot qubits have been 
proposed before 0] , but the case presented here is very 
different. 

In this paper, we have presented a scheme for multi- 
party quantum communication using a spin ring with 
twisted boundary conditions. The twist is achieved by a 
magnetic flux through the ring. By tuning the flux ap- 
propriately, one can select any pair of parties along the 
ring to perform near perfect quantum communication, 
this is a new feature which was absent for open bound- 
ary conditions. We find that a 5 or 7 spin ring allows 
near perfect quantum communication between any pair 
of sites and higher odd N rings allow high fidelity three 
party quantum communication. An information blockage 
effect induced by an appropriate flux in certain even N 
rings is found. We use this result to propose a method to 
entangle spin and flux qubits. It would be interesting to 



investigate whether any experiment can be proposed to 
observe such entanglement generation between spin and 
flux qubits through the Aharonov-Bohm effect in the fu- 
ture. 
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